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respectively. Thus, we have the following lattice of subfields of K: We also use the following conventions. As usual, for an algebraic number field k of finite degree, h (k) , Cl(k) and d (k) denote the class number, class group, and discriminant of k, respectively.
Assume that K is imaginary but not a CM-field. Then M is also imaginary and therefore so is F . In fact, if F were real, then complex conjugation would be an element of order two of Gal(K/F ) and therefore M would be real, which is a contradiction. Assume moreover that K has class number one. Then M has class number one or two, and F has class number one, two, or four. All such quartic fields and quadratic fields have already been determined [1, 2, 3, 13, 18, 21] . (See also [25] .) We can easily see that if an odd prime number is ramified in K, then it is ramified in M ( §2, Lemma 1(i)). Hence we can easily get the possibilities for such K. For each possible D 4 -extension K of Q, if the oddness of h(K) is verified, then we obtain its class number h(K) by calculating the class numbers h (M 1 ) and h (M 2 ) and using class number relation for D 4 -extensions of Q: h(K) = h(M 1 )h(M 2 ) (Proposition 3). We note that most of necessary arguments work also for fields with odd class number. Therefore for most cases to be considered we characterize K with odd class number and then determine K with class number one.
The organization of this paper is as follows: In Section 2, we discuss imaginary D 4 -extensions of Q with odd class number. In particular, we give a proof of the finiteness of imaginary D 4 -extensions of Q with odd class number less than any given bound. In Sections 3, 4, and 5, we determine the imaginary D 4 -extensions K of Q with class number one which are not CM-fields. In Section 3, we treat the case h(F ) = 4 (more precisely, Cl(F ) ∼ = C 4 , the cyclic group of order four). In Section 4, we treat the case h(F ) = 2. The case h(F ) = 1 is divided into two subcases: F = Q( √ − 1) and F = Q( √ −1). In the former case, K is the normal closure of a pure quartic number field and this case is treated in Section 5. The latter case F = Q( √ −1) is treated in Section 6. In Section 7 we summarize our results.
2. Imaginary D 4 -extensions of Q with odd class number. First we give a proof of the finiteness of imaginary D 4 -extensions of Q with odd class number less than any given bound, which is essentially the same as Uchida's proof in [21] in a more general situation ( 1 ). The first assertion of the following lemma is the key to the finiteness theorem. 
is ramified at all the prime ideals of M lying above p. We also note that all the prime ideals of M lying above p are ramified in the quadratic extension K. Since the extension K( √ p * )/M are biquadratic bicyclic, the prime ideals of M lying above the odd prime p are not totally ramified in K(
Hence the class number of K is divisible by 2. This is a contradiction. Thus p is ramified in M .
(ii) Since the extension KM gen /K is unramified abelian and its degree is a nonnegative power of 2, this extension must be trivial by the assumption, that is, M gen must be contained in K. Since M gen is abelian, M gen = M .
By (i) we immediately obtain the following finiteness theorem. P r o o f. Let K be an imaginary D 4 -extension of Q with odd class number h(K) ≤ N . The finiteness of (normal) CM-fields is well known. So we assume that K is not a CM-field. Then its biquadratic bicyclic subfield M is imaginary, and obviously h(M ) ≤ 2N (see Proposition 1(i) below). We know that there exist only finitely many such M [20, Theorem 2] . Therefore there exist only finitely many prime numbers which are ramified in some 
Here E * denotes the group of units in * and v is 4, 3, or 2 according as K is totally real , CM , or otherwise. Moreover , the unit index
is a nonnegative power of 2.
By this relation, we obtain h(K) (up to a power of 2) from h(M 1 ), h(M 2 ), and h(F ).
Secondly we describe divisibilities of class numbers:
, where h (2) (F ) (resp. h (2) (M )) is the 2-class number , that is, the 2-part of the class number of F (resp. M ), and the Hilbert 2-class field of F is K, M , or F , according as h (2) (F ) = 4, 2, or 1. (
is unramified at all finite primes and M i is totally real or totally imaginary.
This can be easily proved by using the following two lemmas.
Lemma 3. Let L/k be a finite extension of algebraic number fields. 
N o t e 1. (i) is easily proved, as is (ii).
For the first assertion of (ii), it is assumed in [10] that L/k is normal, but this assumption is not necessary.
Lemma 4 ([11, Theorem A(c)]). We have the following relation among discriminants of subfields of a
D 4 -extension K of Q: d(K)/d(M ) = d(M 1 ) 2 /d(F 1 ) 2 = d(M 2 ) 2 /d(F 2 ) 2 .
From this we obtain
and (2) (F ) = 2, then K/M is ramified at some prime and therefore h(M ) is odd by Lemma 3(ii). Also when h (2) (F ) = 1, K/M is ramified at some prime, for K/F is cyclic and M/F is ramified at some prime. Therefore also in this case h(M ) is odd by Lemma 3(ii).
Proof of Proposition 1. (i) The first assertion immediately follows by Lemma 3(i). Assume
(ii) By genus theory any quadratic extension unramified at all finite primes of a quadratic number field is biquadratic bicyclic. Therefore both M 1 /F 1 and M 2 /F 2 are ramified at some finite prime. Hence the assertion follows by Lemma 3(ii).
(iii) Consider the ramification in K/M i . By the equality
is unramified at all finite primes if and only if M/F i is unramified at all finite primes. Therefore, unless M/F i is unramified at all finite primes and M i is totally real or totally imaginary, K/M i is ramified at some prime. Hence the assertion follows by Lemma 3(ii).
Of course, in Proposition 1(i), when h (2) (F ) = 4, the 2-class group Cl (2) (F ) of F is cyclic. We easily obtain the converse.
Proposition 2. The Hilbert 2-class field of a quadratic number field whose 2-class group is the cyclic group of order four is a D 4 -extension of Q with odd class number.
It is well known that such a field is a D 4 -extension Q, and the oddness of the class number immediately follows by applying the following.
Lemma 5 (see [19, Theorem I] Thus, for our purpose, the knowledge of nonnormal quartic number fields with odd class number is useful. A detailed study of such fields is given in [6, Chapter III] .
Finally, note that if K is an imaginary D 4 -extension with odd class number which is not a CM-field, we may assume that F 1 is imaginary and 
. We know how to construct the Hilbert class field K of an imaginary quadratic number field F with cyclic class group of order four (see for example, [24] ). We tabulate the Table 1 below) .
From this table, we see that there exist exactly 20 imaginary D 4 -extensions of Q with class number one which are Hilbert class fields of imaginary quadratic number fields with cyclic class group of order four. Of course, we can exclude the other 10 Hilbert class fields with class numbers larger than one by the condition h(M ) = 1 without calculations of h(M 1 ) and h(M 2 ). However, it is worthwhile to give the table of the class numbers and generators of the Hilbert class fields of imaginary quadratic number fields with cyclic class group of order four. We note that the class numbers of the other 10 Hilbert class fields are all prime and if we denote by p the class number, we can easily verify that the Galois group of L/F is isomorphic to the generalized quaternion group of order 4p, where L is the second Hilbert class field of F , that is, the Hilbert class field of K (cf. [26] ). We easily see also that there exists only one prime divisor of (2) in Q( √ −1, √ p) and that only this prime is ramified in Q(
D 4 -extensions of Q which are cyclic over imaginary quadratic number fields with class number two. We first characterize imaginary D 4 -extensions Kof Q such that h(K) is odd and h(F ) ≡ 2 (mod 4).

Proposition 4. If h(K) is odd and h(F ) ≡ 2 (mod 4), then there exists a prime number
p ≡ 5 (mod 8) such that F = Q( √ −p) and K = Q( √ p, √ α),
where α is a generator of a prime divisor of p in Q( √ −1).
More precisely, in this case p splits in Q( √ −1) as p = ππ, where π is the complex conjugate of π, and we can take α = π or √ −1π. Conversely, for any prime number p ≡ 5 (mod 8), if α is any generator of a prime divisor of p in Q( √ −1), then the field Q( √ p, √ α) is an imaginary D 4 -extension of Q with odd class number which is not a CM-field , and this field is cyclic over Q( √ −p).
P r o o f. Assume that h(K) is odd and h(F ) ≡ 2 (mod 4). Since the 4-rank of Cl(F ) is zero, by Rédei-Reichardt theory ([17]) we have the following four cases: (a) d(F
Therefore this field has odd class number by Lemma 3(ii). 
Now we determine K with h(K) = 1 and h(F
Normal closures of pure quartic number fields.
A D 4 -extension of Q which is a cyclic quartic extension of the Gaussian field Q( √ −1) is the normal closure of a pure quartic number field (see below). The parity of the class number of the normal closure of a pure quartic number field has already been determined by C. J. Parry [15] . Our formulation is as follows: √ m ∈ K and therefore we can write
Since we may assume 
By computer calculations, we get the following tables. (Some of the values are already given in [16] .) 
From these tables, we obtain 12 D 4 -extensions of Q with class number one which are normal closures of pure quartic number fields. Note that 
We consider also the ramification in K/M . For this we consider the one in
In the present case,
where "= 2 " means "equals up to a power of 2". Thus, we have
. This implies that only the prime divisors of 2 and p 1 can be ramified in K/M . We also note that there is only one prime divisor of M above p 1 .) Thus, if we let p = ππ be the factorization of p in
, these two fields are not conjugate. Note that this is valid also when
We also have h(M ) = 1 by Proposition 1(i). The imaginary biquadratic bicyclic number fields with class number one have been determined by Uchida [21] , and E. Brown and C. J. Parry [2] , independently. Also the list of these fields restricts the possibilities for K. Now we turn to determination of K with h(K) = 1. We first treat the case Table 4 .
We have used KANT for class number calculations.
